Elastic Constants of Binary Liquid Crystalline Mixtures
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Microscopic expressions for the elastic constants of binary liquid crystalline mixtures composed
of short rigid uniaxial molecules are derived in the thermodynamic limit at small distorsions and
a small density. Uniaxial and biaxial nematic phases are considered. The expressions involve the
one-particle distribution functions and the potential energy of two-body short-range interactions. The
theory is used to calculate the phase diagram of a mixture of rigid prolate and oblate molecules.
The concentration dependence of the order parameters and the elastic constants are obtained. The
possibility of phase separation is not investigated.
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1. Introduction can often be carried out under the microscope (in a
concentration gradient) and is faster than taking an
The elastic constants of liquid crystals are the m&-ray picture [1].
terial constants that appear in the description of al- |n this paper we present a statistical theory of
most all phenomena where the variation of the dihe elastic constants of binary liquid crystalline mix-
rector is manipulated by external fields [1]. Theyures. Uniaxial and biaxial nematic phases will be
are of technological importance because liquid crygonsidered. Since a theoretical description of biax-
tals have found wide application, e. g., in display dea| phases (and mixtures) is rather complex [9, 10]
vices, laser technique, holography, termography, nife developed our theory with some approximations:
clear and microwave techniques. On the other hanggid molecules, small density and the thermodynamic
the elastic constants give information on the micrgimit. Our aim is to express the elastic constants by
scopic anisotropic intermolecular forces. They argeans of the one-particle distribution functions and
also needed in the study of defects in liquid crysthe potential energy of molecular interactions. The
tals [2]. thermodynamic limit suggests that we neglect sur-
There are microscopic theories [3 - 8] that givgace effects. Nevertheless we will obtain some known
working expressions for the elastic constants of onge|ations for the surface elastic constants and we will
component uniaxial nematic liquid crystals. But innterprete those relations as consistency conditions.
technical applications very often some special proper- The phase behaviour of liquid crystal mixtures has
ties are required, and chemically pure substances WiBen studied using a number of theoretical methods.
the desired ones are hard to find. That is why mixs |arge variety of phase diagrams was presented in the
tures are widely used. It is clear that theories whicﬂ_c,\aper by Sivardiere [11] where the Ising-like model
allow to understand the physical properties of mixyas introduced. Brocharet al. [12] considered the
tures are helpful in designing mixtures with the prefess artificial Maier-Saupe model and gave a catalogue
scribed technical parameters. Miscibility studies argf allowed diagrams for mixtures of nematogens.
alsoimportant from a more fundamental point of viewy, 1973 Alben [13] considered a mean-field lattice
— to identify new phases. The rule that is used is th@odel with discrete orientations to describe steric in-
following: if two phases are continuously miscibleteractions in mixtures of rods and discs. He predicted
without crossing any (first- or second-order) transihe existence of a biaxial phase in the composition
tion line, they have the same symmetry. This methagnge between two uniaxial phases. Similar results
have been obtained for van der Waals lattice mod-
Reprint requests to Dr. A. Kapanowski; els in mean-field [14] and renormalization group [15]
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against phase separation was addressed by Palffixpressed by means of a space-fixed reference frame
Muhorayet al. [16] within a mean-field theory. The (e, e,,€;) as
geometric mean assumption about the pseudopoten-
tial leads to instability of a biaxial phase, whereas L = Ri.€., M = Rype,, N= Ra.€,, (1)
a deviation from this assumption leads to a stable
biaxial phase [17]. A mean-field theory was als@here the matrix elements,, (i = 1,2,3 anda =
used to describe binary mixtures of biaxial molecules ;. -) satisfy the conditions
[18, 19]. Mixtures of rods and spheres were studie
by Agren [20], Humphries and Luckhurst [21], and R R. =6 )
Martire et al. [22]. The result is that the introduc- ene T
tion of spheres induces, via a small two-phase re-
gion, a transition to an isotropic phase. Mixtures of RiaRip = bap- ®)
rods of different length-to-width ratios were analysed
by Petersoret al. [23], Warner and Flory [24], and Relations (2) and (3) express the orthogonality and the
Lekkerkerkeet al. [25]. Recently, different demixing completeness of the local frame. Note that repeated
mechanisms in hard rod [26] and rod-plate mixtureigdices imply summation. The homogeneous phase is
[27] were analysed by van Roij and Mulder. described byR;,, = ;4.

As far as the elastic constants are concerned, to
our knowlwdge there are no experimental data 0§> pistorsion Free Energy
biaxial phases. In 1989 Kini and Chandrasekhar [28]

studied the effects of external magnetic and electric | gt ys callF, the free energy due to the distorsion
fields applied in different geometries. They showegs ihe |ocal framel(, M, N). A general expression of

that it is feasible to determine some of the twelvgs gensity f,(r) was derived in [29] in the case of
elastic constants. Our theory could help to predict thgnal distorsions. It has the form

temperature and concentration dependence of themin
the case of binary mixtures. 1 1

Our paper is organized as follows: In Sect. 2 we fa(r) = kij Dij + 5 Kijra Dij Dia + 5 Liji Siji, (4)
present a phenomenological continuum theory of ne-
matic liquid crystals. In Sect. 3 we describe a stawherek;;, K;;1.;, Li; are elastic constants,
tistical theory of nematic phases and derive general
expressions for the elastic constants in the case of
uniaxial and biaxial nematic phases. Exemplary cal- Di; =
culations of the values of the elastic constants are
presented in Sect. 4, where the Corner potential en-
ergy is applied and a mixture of rods and discs is

analysed. In Sect. 5 we summarize the results of this i i i
work. ande; ;. is an element of the antisymmetric tensor (we

set up the conventian,; = +1). The elastic constants
satisfy the symmetry relations

NI

€irRia Rip0a Ry, (5)

Sijk = Sjik = 0a(RiaDji + RjaDiy), (6)

2. Phenomenological Approach
2.1. Description of a Phase Kijki = Kyiijs Lijk = Ljik.- (7)

In this section we describe nematic liquid crysin general, the linear first order terms withy give
tals from a phenomenological point of view [29].6 bulk and 3 surface terms; the quadratic first order
We assume that at every pointinside a consid- terms with K;;,; give 39 bulk and 6 surface terms;
ered phase we can define three orthonormal véhe terms withL;;. give 18 surface terms. The to-
sors ((r), M(r), N(r)) which reflect properties of this tal number of bulk and surface terms is 45 and 27,
phase. In case of a biaxial phase they determine dspectively.
rections of its two-fold axes of symmetry. The vec- When a considered phase hasDg, symmetry
tors (L, M, N) create the local frame which can begroup, the distorsion free-energy density has the form
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1 1 1 . iaxi i i i-
fo= = Ki11a(D11)? + = K191AD12)? + = K 1314 D13)? theory_of b|gX|aI nematics were given. Th_ey were di
2 2 2 vided into five groups and connected with relevant

1 . 5 1 2 1 , elastic constants: 3 twists (fdk;;;;), 6 splays and
* QAZlZl(D 21)" + EKZZZZ(D 2 EAZ323(D 22" pends (fork;;;), 3 modified twists (fot,;,) and two

1 5 1. , 1 . , groups of 3 double twists (fak;;;; and for;;;;). In
+ E‘K 3131(D31)” + §K3232(D32) + E‘K 333%D33)”  the formulas for deformations a parameteras used

. . - (1/e€is a certain length). Smallmeant a small defor-
+ + + : .
Ru122D11D22 + K113sD1Das+ K2233022D33 - yavion and a conformation close to the homogeneous

0) n(0) n(O

+ K1921D12D21 + K1331D13D31 + K2332D23D3 one Q_( )7 M )7 N(_ )). The VeCtOI‘S_Of th_e local frame

were expanded into a power series with respeet to
+ L123S123+ L2315231 + L3125312. 8)
: . L=LO+el®+2@4
The terms withi{; ;,; give 12 bulk and 3 surface terms, ¢ ¢ ’
whereas the terms with, ;. give 3 surface terms. The M=MP+eMD+2MP 4+ (11)
total numbers of bulk and surface terms are 12 and 6

) _ n(0) (1) 4 2@

respectively. N =NT+eNT+HeNT+..

When a considered phase possessés.a sym- . .
metry group, the number of elastic constants i appeared that the mostimportantterms in (11) were

smaller. Let the: axis be oriented along the axisthose linear ire. They were sufficient to calculate the

of symmetry. Then the distorsion free-energy densifg/-smrsion free enery up to the second ordes amd
has the form 0 calculate the elastic constants of biaxial nematic

liquid crystals. For the sake of completeness we list
the terms linear i from (11) for all groups of defor-

o _ 1. 2,1, 2
fa = 3KV N)"+ SIGIN - (VX N)] mations. The first group is, fak1111,

d= >
1
+ = K3[N x (V x N)J? @)= @)= W= (g _
i (9) L (07 07 0)7 M (07 07 x)? N (07 ‘/'U7 0)7 (12)
+ EI{4V ' [(N . V)N - N(V ' N)] for K999,

1.
+5EsV - [(N- V)N+N(V-N)J. LW=(0,0,—y), MP=(0,0,0), NV= (y,0,0), (13)

Therefore, in case of an uniaxial phase we have 3 budiad for K'3333,
(K1, K7 and K3) and 2 surface termdy, and Ks).
One can calculate the distorsion free energy from its? = (0, z, 0), M®= (—z, 0,0), N®'= (0,0, 0). (14)
density (8) or (9) by
The second group is, faK1212,

Fy= /drfd.
L(l): (07 07 _x)vM(l) = (07 07 O)vN(l): (.7,'7 07 0)7 (15)
Note that we can not reject surface termsin (8) or (9) __
although we assume the thermodynamic limit. Thitor Kiais
will be explained in Sect. 5.

L®= (0, —,0.MW= (2,0,0.NV= (0,0,0), (16)

2.3. Basic Deformations .
for K121,

Splay, twist, and bend are known as the three ba-
sic types of deformations in the continuum theory o™= (0,0,0), M®= (0,0, —y), NP= (0,y,0), (17)
uniaxial nematics. They describe spatial variations of
the directoN(r) and extract from the distorsion freefor Kzzps,
energy terms withi(;, K, and K3, respectively. In
[10] 18 basic deformations proper for the continuurh®= (0, y, 0), M® = (—y, 0,0), N®'= (0,0, 0), (18)
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for K313,

L@ = (0,0,0), MW= (0,0, ), N¥'= (0, -z,0), (19)
and for K33y,

L®=(0,0,2), M®=(0,0,0), N= (~z,0,0). (20)
The third group is, fot.1 3,

L@ = (0, z,0), MY = (—z,0,0), NO = (0,0, 0), (21)
for Loz,

L®=(0,0,0), MP=(0,0,9), NP= (0, -y, 0), (22)
and for L3,

L®=(0,0,-2), M= (0,0,0), N¥= (2,0,0). (23)
The fourth group is, foi;12;,

LW=(0,0,—y), MP= (0,0, z), NV = (y, -, 0), (24)
for K133

L®= (0, 2,0), MW= (,0,2), NV= (0,~, 0), (25)
and for Kp33,

L= (0, z,~y), M® = (—,0,0), NV'= (4, 0,0). (26)
The fifth group is, forki291,
LW=(0,0,—2), MP = (0,0,7), NV = (z,—y, 0), (27)
for K331,

L®W= (0,2,0), M®= (=,0, 2), N®'= (0,~2, 0), (28)
and for K33y,

LD= ©,y,—2), M@ = (~y,0,0), NW = (,0,0). (29)

3. Microscopic Approach

3.1. Description of a System
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two anglesp andf or by a unit vector2. We assume

a small density approximation, and we take only two-

body short-range interactions into account. The po-

tential energie$J depend on a vector of the distance

between molecules and orientations of molecules.
The microscopic free energy of the binary mixture

has the form [30]

or= Y [ d@e{ncr@ad - 1)
I=A,B
) (30)
-5 ¥ [dma@ewe @,

1,J=A,B

where G;(1) = G(r1, £21) (I = A, B) are the one-
particle distribution functions with the normalizations

[ dweiw =i, (31)
d(1) = dr,df2; = dr,d¢,d6, sind;, N; denotes the
number of moleculed in the volumeV (N4 +
N = N), fiJ are the Mayer functiong’’y =
exp(-4®{3) — 1,5 = 1/k5T, and

3/2
PG AN ALY
5 27rm1 271'J]

The subscript 5 inAl denotes 5 degrees of free-
dom of an infinitely thin molecule, although we use
this description also for spatially extended uniaxial
moleculesT denotes the temperature; is the mass

of a moleculel, and J; is a parameter with a di-
mension of a moment of inertia (for a very prolate
molecule it is exactly the moment of inertia with re-
spect to the axis perpendicular to the molecule). Our
set of state variables consists®f V, N4 and Np.
The free energy (30) consists of the ideal terms (with
Af) and the excess terms directly related to inter-
molecular forces. The ideal terms are those of the
ideal gas.

The expression (30) was derived systematically for
binary mixtures from the Bogoliubov-Born-Green-
Kirkwood-Yvon hierarchy equations in the thermody-
namic limit (N — oo,V — oo, N/V = const) [30].

(32)

This section is devoted to the microscopic analyFwo-particle distribution functions were expressed in
sis of binary mixtures of uniaxial nematogens whiclierms of one-particle distribution functions and the
create a homogeneous phase. Let us consider a ntixe-particle correlation functions of the simple form
ture which consists of two types of rigid uniaxialexp(—3®:J). This assumption guarantees the proper
moleculesA and B. Orientations are described bylimit of the unary system.
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The equilibrium distributiong7; minimizing the 3.3 Elastic Constants of Biaxial Phases
free energy (30) satisfy
It was shown in [10, 33] that in the case of a homo-
eneous biaxial nematic phase composed of uniaxial
In[G'1(1)45] — Z /d(Z)GJ(Z)f %olecules the one-particﬁe distributign functiofg
J=4,B (33) depend on two arguments:
= const

Gor(2) =G ,()-ecu_().ez7 36
In the homogeneous phase the distribution function 0r(£2) = Gou ) (36)

G'; does not depend on the position of a molecule anghere itis assumed that the vecterof the reference
G1(1) = Gor(£21). In order to obtairo; one should frame coincide with the phase symmetry axes. In the
solve (33) together with (31). distorted phase we postulate that

Gl(r7 ‘Q) = GOI(le Q2)7 (37)

where the relevant arguments are

3.2. Distorsion Free Energy

In order to define the microscopic distorsion free
energy Fy one should first identify a homogeneous - 0.
free energyFp. We would like to divide the total free @ur, 2) = 2-L[), (38)
energyF' into a homogeneous free enerfiyand the Qo(r, £2) = 2 - N(r).
distorsion free energ¥y. We postulate that
The local orientation of the phase is described by

BFy= (34) thevectorsl(, M, N). We can use the distorsion free-
energy density (8) and apply basic deformations de-

/d(l)GI(l) {In[G;(1)AL] — 1} scribed in Section 2. We will follow a procedure sim-
S4B ilar to one described in [10]. Let us expand the argu-

ments (38) in a power series with respect,to
Z / d()d(@ (11, 20)G (11, 22)f15
R Qi= QP +eQ+ QP+ (39)

- 4,2 / d(1)d@) 1(r2, 200G (r2, 2113 - \yhere by means of the expansions (11) we build

(p) -—n.1®
The definition (34) is equivalent to that by Poniewier- QY(r, ) =12 L),

40

ski and Stecki [6]. This is a well-founded assump- Q(zp)(ra 2) =02 -NO({). (40)
tion if we also assume slow variations of the vectors
(L, M, N). We will also restrict the one-particle distri- The expansion of7; has the form
bution functions7 ; to the class of7y; functions. This
method was succesfully used in the past [5, 31, 32]G1(r, Q)= Goz(ng) (0))

Thus, the distorsion free energy can be written as

+e 3 0:Gor(Q9, Q)W
Fi=F - B, (35) 1:21:2 (@17, Q37)Q;
2 , (0) (0) @

wereF andFyare given by (30) and (34), respectively. Te _21:2 9:Gor(Q1”, @27 (41)
As we expect, for the homogeneous phBasbecomes 62" ’
ZEero. . . + E Z aiajGOI(Q(lo) (O))Q(l)Q(l)

In the subsequent sections we will construct the i,j=1,2
distribution functions for distorted phases and we will +O(é%).

derive the microscopic formulas for the elastic con-
stants. Biaxial and uniaxial nematic phases will b&/hen we substitute the expansion (41) into the dis-
considered separately. torsion free energy (35) we get
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BF, :% / d(1)d(2)é? _Z 13 _Z 0;Gor(£21)9;Gas(822) | — 2Q0(ry, 20)QW(r2, 122)
I,J=A,B i,5=1,2 (42)

+QW(ry, 2)QP(r1, 22) + QV(r2, 20)QV(r2, 92)] +O(€%).
We substitute the basic deformations into the microscopic distorsion free energy (42) and to the phenomeno-

logical distorsion free energy (8). By comparison we get the microscopic formulas for the elastic constants.
The first group is

. 1
ﬂﬁllllz E/dﬂldﬂszui Z f{ZJW]_IyWZ‘;, (43)
I,J=A,B
i 1
BK2220= > / did2,du? > f (UL - W)U - Wy)), (44)
I,J=A,B
. 1
BK3333= > / deid2.due > UL U, (45)
1,J=A,B

The second group is

) 1
SR 5 [ ddduid S L - WO, - W), (46)
1,J=A,B
) 1
BK1315= 5 / deid2.dud’ > UL UL (47)
1,J=A,B
) 1
BK2121= é/dﬂldﬂzduui Z HEwi,ws,, (48)
I,J=A,B
) 1
BK2323= E/dﬂldﬂszui > HIULUS,, (49)
I,J=A,B
. 1 .
BRza1= 5 / deid2adun? > W WS (50)
1,J=A,B
. 1 .
BK3232= > / df2,d02,d uu? Z UL, — W)U, — W) (51)
I,J=A,B

The third group is

Lip3= L231= L312=0. (52)
The fourth group is
- 1 ,
BR112= 5 / de2id2adun,u, > fi5 (UL — WLWS, + W (U5, — W), (53)
1,J=A,B
; 1
BK2233= Z/dﬂldﬂzd Uty Z 3 [ = UL, Uy, = W3,) — (U, = W)U, ], (54)
I,J=A,B
. 1
BKum=] / deid2odu,u. > fi5 [ - UL,Ws, — Wi U]]. (55)

1,J=A,B



A. Kapanowski and K. SokalskiElastic Constants of Binary Liquid Crystalline Mixtures 969

The fifth group is, it allows detailed calculations without any additional

i ; i ; i i approximations. On the other hand, itis quite realistic.
K1201= K1122, K1331= K1133 K332 = K2233 (56)

To make the formulas for the elastic constants model. Homogeneous Phases
compact we write
In order to simplify calculations for the biaxial
Ul = 0:Gor(@Y, @12, phase we assume that the one-particle distribution
wl = aZGOI(Q(O) Q(O))(2 (57) function_sGOI depend only on th(_a angle betvv_een the
« 1o w2 /ot long axis of a molecule, determined by a unit vector
£2, and some symmetry axis, determined by a unit

. L vectorey,
3.4. Elastic Constants of Uniaxial Phases

In a homogeneous uniaxial phase we have one Gor(£2) = Gor($2 - &r). (64)
global symmetry axis which can be oriented alon
e.. The one-patrticle distribution functions depend o
a one argument, thus

or the uniaxial phase we will assume tleat= e,
whereas for the biaxial phasg - ez = 0. It is conve-
nient to define dimensionless functiofis

0:Go;(2-e,,2-€.)=0, Ul =0 (58)
Gro(£2 - e) = fr(£2 - e)N;/4xV, (65)
The microscopic expressions for the elastic constants
that result from (43) - (56) are where the normalization condition is
.1 1
PE1=5 / df2,de2,d uuil JZ; ] 13wl w3,,(59) / d271(£2 - er) /4 = / defi(z) =1 (66)
yJ=A, 0

1 The order parameters are defined as
oKy =5 / de2d2,du? S W W (60)
1,J=A,B

1
() = /0 de P, () 1 (2). (67)

1
9Ky = [deudedud S LWL (61 | AT
I,J=A,B The functionsf; can be expanded in an infinite series
with respect to the Legendre polynomials

1
K.

4= E(I(]_ + I{z), (62)

fi@)= Y (25 + 1)(P)1Pi(2). (68)
Ks=0. (63) Jeven

_ It is useful to describe the nematic ordering of
Note that the results (62) - (63) are consistent with th@olecules! in a mixture by a symmetric traceless

wide discussion on surface elasticity by Yokoyamgecond-rank tens@' with elements [35]
[34]. These expressions results from (52) and (56)

when we change the symmetry of the phase from ; 1
biaxial to uniaxial. Sap = (22825 = 30ap)1

L (69)
4. Exemplary Calculations ™ /deI(Q : e[)[Qan - §6aﬂ]~

The aim of this section is to express the e_IastiWe can show that
constants by means of the order parameters which can
be measured in experiments. We will apply the Corner 1
potential energy of interactions because in principle Sas = (P2)1 [(ea “€r)(&s - er) — (6 eﬂ)]- (70)
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The tensoS' is diagonal only ife; is equal toe,, e,  In[f;(£2; - €)] — Z A7 Z KJIJJ (75)
ore,. Finally, we define an average ten&as J=A,B  j—even
S=z,S" +255°, (71) Fi(2v-en)(F;) s P5(8r-€5) = const
where
where we used concentrations = N;/N. We note N = (aé‘])3Bz(T*)27r2NJ/47rV, (76)

that because of our approximation (64), the tenSbrs
are uniaxial (2 different eigenvalues). But the average 1
tensorSis in general biaxial (3 different eigenvalues)x’” (cosfy, costy) = —2/d¢>1d Ao Jod N3 (77)
if e - €5 =0. T

Let us consider the Corner potential energy of thgs 5 consequence of the definition (77) we can ex-

1J 1J i i .
form @15 (u/c'”), wherew is the distance betweenpresS the kernekc’” as a sum with even Legendre
molecules’ and.J, u = uA, o'’ depends on vectors oy nomials

2., 2, and A. For ¢/’ one can write the general
expansion proposed by Blum and Torruela [36]. It ~1J - 1] .

involvs the 3-j Wigner symbols and the standard rota- Klay)= ), KER@PW.  (78)
tion matrix elements. The same expression was used
to describe interactions of biaxial molecules in [33]z-17 - (2 + 1)(2k + 1)
In the case of uniaxial molecules, the lowest order ’*
terms of the expansion give

j,k—even

1 1 (79)
[ e [ dyr P P)
o1 (21, 25, A) = ol + 0TI (A - 212 (72) o 70
Note that fors!/ given by (72) the kernel is diagonal.
+ o1J(A 2% + 037 (21-92,)°.  Equations (75) imply thaf; should be written as

There are a number of posibilities for the functional In[fr(x)] = Z CfP]-(x). (80)
dependence @.J onu/o!7, and some of them were j—even

given in [10]. We do not have to specify it now, be- , ,
cause this dependence will be hidden in a functioth@llows as to transform (75) into a set of equations

B,(T*) defined as
(T*) | c! = Z )\IJKJIJJ(P])JPj(eI -€y), (81)

J
J=A,B

B.(T*) :/ dz z° f12(z) ‘ o
0 (73) wherej = 2,4,6 andl = A, B. The normalization

Y . condition (66) must be also enclosed. In the case of the
= /0 dz 2° [exp(-fPaa(x)) — 1], uniaxial (biaxial) phase we haeg - e, =1 (e; - e, =
617). The stable solution of (81) which has the lowest
whereT™ = 1/j3e¢ is a dimensionless temperature anffee energy will describe a homogeneous phase.
e is a depth of the potential energy (we assume for sim-
plicity that it is the same for both types of molecules).2. Elastic Constants for Uniaxial Phases
Thanks to the form of the Corner potential energy

one can rewrite (30) and (33) in the form We insert the expansion (68) into (59) - (61). It
appears that only a finite number of terms gives a
BF = (74) nonzero contribution. Thus we get the explicit depen-
. dence the elastic constants on the order parameters:
dz N | NiALJ4nV] -1 .
I;}g/g N 1) {In[fr(2) N7 AL /4nV] - 1) K= S S R PR, @)

I1,J=A,B j,k—even

1
=5 > NS K(P)(P)aP(er - e)),
2, =5 aven 0 = €T* ByT*)(0l))° N Ny J(4xV)2,  (83)
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IJ 5 - — AA
FJ = 2 /dQldQZdA(As)ZQquw(J_U) (84) Izszs™ _ 2 W EE) alPo)a (92)
0p j,k—even
- Pi(020.) P (£22:)(2] + 1)(2k + 1), Kaum= Y, nPPELR(P)s(P)s, (93)
j,k—even

wheres = 1,2, 3. We calculated the coefficients 7,

analytically. In order to presentthelrstructurewe lisk 3= Y [ AAFAA (P a(Pe)a

them as an array, where vanishing coefficients are zero

Flze Fiza 0 0 0

e M. Flis 00

0 Fja Fge Fgs O (85)

0 0 FRe Fls Flzao

0 0 0 Flye Fliio K12z

4.3. Elastic Constants for Biaxial Phases

Let us insert the expansion (68) into (43) - (56).
Similarly to the uniaxial case, it appears that a finite

number of terms gives a nonzero contribution. Th&;33=

dependence of the elastic constants on the order pa-
rameters has the form

Kuu= Y n"?F(P)s(Pi)s, (86)

j,k—even —’{2233

Koo = Z { AAF2]k<P> (Pr)a

j,k—even N
PGy (P a(Pr) B (87)
— 174G (P B (Pr) a where
+nPBFEE(P) 5 (Py)s),
Kaszz= » n*F5 (P a(Pr)a, (88)
j,k—even
Kizi2= Y. [ AP AP a Y, =
j,k—even AB
G15e(P)a(Pr) s (89)
— PG .(P)) B(Pr)a
+ BB FER (P p(Pi)s),
Kiziz= Y 0™ F3(P) a(Pe) a, (90)
j,k—even ngk
Kooi= Y nPPFPR(P)B(Pi)s, (91)
j,k—even

I\)lH

NI
<

j,k—even

~ PG4 (P alPe) s

(94)
~ PGP (Pr)a

+ 078 PEE(P) 5 (Py)s)

z e CARUAE IS
+ BAHl]]C<P> (Prya+n"P

- (FPR-FEI)( j)B(P/JBy

> [0 PHAR(P)A(P) s
j,k—even (96)

— nBAHA () p(Pi)al,

> [nMEE - FADP) (P
j,k—even
+ 0 PHP (P a(Prys (O7)

+nPAHEA (P 5 (Pi)al,

1
G =3 / d21d0220A(D,)* 21 22, (0" f0g”)°

FPi(012) P (122:)(2) + 1)(2k +1),  (98)

/ d92,d02,dAA A, 21,2, (07 Jod7)?

FPi(012) P (122:)(2) + 1)(2k +1), (99)

Hyl\ = / d2,d02,d AN A, 24,25, (0" Jad7)?

- Pi(021:) Pe(£22:)(2) + 1)(2k + 1), (100)

/ d2,d02,d AN, A, 21,25, (07 Jod7)?

- Pi(012) Py (£22:)(2 + 1)(2k +1). (101)
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~

The structure of the coefficients!’, andH!”, is 6

similar to 7, *. The coefficients depend only on the Rod
parameters’’. 4

One can notice that some of the biaxial elastic con-
stants depend on the properties only one of the tway Disc
types of molecules. This is the result of the assump-

tion (64) and in general is not true. ot

4.4. Mixture of Rods and Discs 2l

Itis known that phase diagrams of mixtures can be
very complex. The aim of this section is to test predic=*
tions of the theory for a model mixture. We considere
a mixture of prolate and oblate molecules because itis’s & -4 2 0 2 4 6 8
expected to reveal a biaxial phase. Later we will refer
to prolate and oblate molecules as rods and d|scs’ @g 1. Cross-sections of the zero equipotential surface of

. } : e potential energy for rods and discs (units are equal to
Zzﬁﬁg\éegg We apply the square-well potential energlgzm). The dashed line denotes the axis of rotary symmetry.

+oo foru/o < 1

0.9t
P1p(u/o) =4 —e forl<u/o < Rsw (102) gl
0 foru/o > Rsw, 0.7t
1 1 . 0.61

*y = s+
B(T") = m{[eXp(ﬁ) —1](st—1)—l}- 0.5t

(103) o4
0.37

We have choseRsw = 2 andV//N = (103, where
Imol denotes some molecular length. Note thaj
determines the length scale, wheredstermines the °1]
energy scale. The elastic constants will be expressedg;——575 65 655 06 565 07 075
in €/lmo. FOr simplicity reasons we assume that only T
one (isotropic, uniaxial nematic, or biaxial nematic)
phase is present. It corresponds to the solution Wigg. 2. Temperature dependence of the order parameters

the minimum free energy. The possibility of phas /%)4 (Rods) and %) (Discs) for the unary system.
separation will not be investigated. The molecular
parameters’’ can be connected with the geometry oﬁ.
molecules by means of the excluded volume metho

enotes the dimensionless temperature.

e volume of a moleculé one can estimate as

described in [33]. In order to get rods and discs we ; 1 3
have chosen the following set of these parameters:vmoI = [ dA[s7 (e, &, A)]°/24 (105)
1
064 = Aimat, o8 = 10mol, o3 = (o8 +o3"), = K'(1,2)(0g)’n/48 =) K}/ (05')n /48
J
AA — _AA _ BB — _BB _—
o011 =015 =3lmal, 017 =015 = —4lnol,
f] 11[2 o mol Ull 12 mol The volumes of the molecules ai&l, ~ 1453
011 = 011, 015 =011, and VB, ~ 2673, The cross-sections of the zero
ol7 = (104) equipotential surface of the potential energy are
2 - . . .
shown in Figure 1.
*The electronic version of all coefficient 7, , GI7,, H!”, The transition temperatures of unary systems from

andK !/ is available from the authors on request. the isotropic to the uniaxial nematic phase are
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2 1

R
18 ods

1.61

1.4v
0.51

1.2+ Average

Average

Discs Discs

004 045 0.5 0.55 0.6 0.65 0.7 075 -050 01 02 03 04 O.5X 06 07 08 09 1

Fig. 3. Temperature dependence of the elastic constantsFa. 5. (3/2)SZ, (Rods), (32)SZ, (Discs) and (32)S...

the unary systemdl’ denotes the dimensionless tempergdAverage) vs composition for the mixture of rods and discs

ture. at the temperatur@” = 0.45 (x = 4 denotes a portion of
rods in the mixture).

0.75

Isotropic 0.5
0.7+
0.65+ Rods Discs

—
0.61 ﬁ
T
0.55] Disclike or
0.5t Rodlike Average
Average
0.457
Biaxial Discs Rods

040 01 02 03 04 0.5X 06 07 08 0.9 1

050 01 02 03 04 0.5X 06 07 08 09 1

Fig. 4. Phase diagram of the mixture of rods and discs.
Four phases are present: isotropic, rodlike uniaxial nematigg. 6. (3/2)S;, (Rods), (32)SZ, (Discs) and (32)S,,

disclike uniaxial nematic and biaxial nemaficdenotes the (Average) vs. composition for t e mixture of rods and discs

dimensionless temperature ane x4 is the concentration at the temperatur@* = 0.45 (z = =4 denotes a portion of
of rods in the mixture. rods in the mixture).

T7% = 0.555 andl’; = 0.734. The temperature de-
pendence of the order parametéPs) ; and the elas- i ) k ]
tic constants for unary systems are shown in Figs. 2 1. The unstable isotropic solution wift); = 0
and 3. (not physical).

On Changing the Composition of the mixture we 2. The stable rodlike uniaxial nematic solution with
were looking for possible uniaxial and biaxial ne{2)4 > 0 and(F,)p < 0 (physical for 0679 <
matic solutions of (81). We checked the stability of 4 < 1.0).
all solutions against perturbations of nematic sym- 3. The stable disclike uniaxial nematic solution
metry. The phase diagram of the mixture is shown iwith (P2) 4 < 0 and(P,) 5 > 0. (physical for 00 <
Figure 4. 4 < 0.557).

We performed a detailed analysis of the mixture 4. The stable (positive) biaxial nematic solution
at the temperaturd™ = 0.45. We have found the with (P,); > 0. (physical for 8657 < =4 < 0.679).

following solutions present for all 4:
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1 In Fig. 9 one can notice that the introduction of
rods to the unary uniaxial nematic system of discs
Discs \\ with = 4 = 0 (or the introduction of discs to the unary
uniaxial nematic system of rods witty, = 1) breakes
the uniaxial symmetry. This leads to splittings of the

0.51
Average uniaxial elasic constants and a creation of new elastic
Discs constants. A similar effect was obtained for unary sys-
tem of biaxial molecules in [10]. A decrease of tem-
of perature induced the breaking of uniaxial symmetry

Average and it caused splittings of uniaxial elastic constants
and a creation of new constants. In the case of our mix-
Rods k ture _the physical picture c_)f Fig. 8 (_exhibits onlyasmall
T biaxial “window”, and splitting points are covered by
050 01 02 03 04 05 06 07 08 09 1 the elastic constants of the uniaxial phases. One can
observe only final results of changes. But generally

Fig. 7. (3/2)S. (Rods), (§2)S:. (Discs) and (32)S--  gne can not exclude that such splittings will appear

(Average) vs. composition for the mixture of rods and dis : : :
at the temperaturé™ = 0.45 (z = =4 denotes a portion Of(i%r certain mixtures. We add that the concentration

rods in the mixture). dependence of the elastic constants Tor = 0.52
can be found in [37], where also a mixture of rods of
2 different lengths was concerned.
15l K, 5. Conclusions
In this paper we derived the microscopic formulas
1~ Ks — for the elastic constants of binary mixtures of uniax-
Ks ial nematic liquid crystals. In order to calculate the
o) — values of the elastic constants one needs the potential
' N //Kl/ energy of molecular interactions and the one-particle
é/ﬁz// distribution functions. The theory was developed for
ot rigid molecules interacting via two-body short-range
- forces. We showed that the Corner potential energy

is very useful for calculations. The elastic constants
050 01 02 03 04 D05 06 07 08 09 1 were expressed asfmite series in terms of the or-
der parameters. The role of the temperature is more
Fig. 8. Elastic constants calculated for the physical solutisransparent: it determines the order parameters via the
vs composition for the mixture of rods and discs at thRinction B,(7*), (76), and it has a direct influence on
Fe”"r']pera‘.t”rép* = 0.45 (& = x4 denotes a portion of r0ds yhq g|astic constants via the functidiy(T™), (83).
inthe mixture). The Corner potential energy allow us to predict the
rrlesult of a generalization of the molecular interac-
tions. Let us assume that’’/ is given by a more
complex expression than (72), e. g., with higher pow-
In order to get the physical solution we combiners of (2, - £2,)2. Then the kernel (77) will be again
solutions with the lowest free energy (see the phasgpressed as a sum (78) but higher number of coef-
diagram). In Figs. 5 - 7 we present the diagonal eficients[x’f,j will be nonzero. This will lead to more
ements of the tensor order parametstsaandS. In  complex one-particle distribution functiorfs. They
Fig. 8 the elastic constants calculated for the physrill be described by a higher number of the coeffi-
ical solution are shown. In order to understand theientsC/ in (80). Finally, we will get longer series
connections between the uniaxial and biaxial elastfor the elastic constants.
constants we also plotted in Fig. 9 the elastic constantsOur theory was applied to a mixture of prolate and
calculated for the positive biaxial solution. oblate uniaxial molecules. The phase diagram and the

5. The stable (negative) biaxial nematic solutio
with (P); < 0 (not physical).
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2.
4

Fig. 9. Elastic constants calcu-
lated for the positive biaxial so-
lution vs composition for the
mixture of rods and discs at the
K 1 ‘ Kyoas temperaturd™ = 0.45 (z = x4
1122 ! ! denotes a portion of rods in the
| | mixture). The physical range is

050 01 02 03 04 ‘0.5); 06 07 08 09 1for0.557< x4 < 0.679.

concentration dependence of the elastic constantslagical distorsion free energy include bulk and surface
uniaxial and biaxial nematic phases were obtaineterms that can be identified univocally. Secondly, in
Theoretical predictions for the behaviour of binarprder to derive the microscopic distorsion free energy
mixtures of nematogens are extremely model depef#2) we neglected some surface terms according to the
dent. Some mean field lattice models [13], extendegtiermodynamic limit. But other surface contributions
Onsager theories and mean field van der Waals-typee still present in a hidden form. Lastly, when we
theories [14] have predicted that mixtures of rodlikeompare the microscopic and phenomenological free
and disclike nematogens should produce biaxial nenergies, those hidden terms will produce consistency
matic phases. Conversely, both molecular mean-fieddlations for the elastic constants.
theories [16] and MC simulations of mixtures of rods The theory gives a comfortable starting point for
and discs [38] predict that these binary mixtures willlifferent possible generalizations. It recovers the
separate into two uniaxial phases. The latter prediknown expressions in the limit of a unary system
tion is consistent with the lack of experimental eviand, on the other hand, can be easy extended to the
dence for biaxial phases in such mixtures. In our sysase of three (or more) component mixtures. In or-
tem of rods and discs, from Sect. 4.4 a biaxial phasker to go beyond a low density approximation one
appears below a certain temperature although a phas®uld replace in the free energy the Mayer functions
separation is not excluded. We note that in our phagéth a better approximation of the direct correlation
diagram all lines of transitions are first order linesunctione, (the exact form ot is unknown). There
This is non-typical because usually uniaxial-biaxia¢xist some solutions fat, in the case of simple mod-
transitions were reported as second order [13]. Bats (see [39]), and they can be incorporated into our
within the Landau theory one can describe both potheory.
sibilities [35] and it must be decided by the experime
which is true.

Now we would like to explain the relations (52), This research was partly supported by the Polish
(56), (62) and (63) for the elastic constants. Firstly, theommittee for Scientific Research Project No. 2P
general expressions (8) and (9) for the phenomen®3216704.
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